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We treat the tensor correlation in antisymmetrized molecular dynamics (AMD) includ-
ing large-relative-momentum components among nucleon pairs for finite nuclei. The
tensor correlation is described by using large imaginary centroid vectors of Gaussian
wave packets for nucleon pairs with opposite directions, which makes a large relative
momentum. We superpose the AMD basis states, in which one nucleon pair has var-
ious relative momenta for all directions; this new method is called “high-momentum
AMD” (HM-AMD). We show the results for 4He using the effective interaction having
a strong tensor force. It is found that HM-AMD provides a large tensor matrix ele-
ment comparable to the case of the tensor-optimized shell model (TOSM), in which the
two-particle–two-hole (2p-2h) excitations are fully included to describe the tensor corre-
lation. The results of two methods agree with each other at the level of the Hamiltonian
components of 4He. This indicates that in HM-AMD the high-momentum components
described by the imaginary centroid vectors of the nucleon pair provide the equivalent
effect of the 2p–2h excitations for the tensor correlation.
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1. Introduction Nuclear force provides a strong short-range repulsion and a strong tensor
force in the nucleon–nucleon (NN) interaction [1]. The short-range repulsion reduces the
short-range amplitudes of nucleon pairs as short-range correlation. The tensor force causes
strong S–D coupling as the tensor correlation involving the D-state of nucleon pairs with
high-momentum components. There has been a great deal of work investigating the effects
of the correlations induced by the NN interaction in the nuclear wave functions [2–5].
Recently, we developed a new variational method for finite nuclei with NN interaction [6–
10], in which the antisymmetrized molecular dynamics (AMD) is used for nuclear many-body
wave functions [11, 12]. We introduce two kinds of variational correlation functions in AMD
with tensor-operator and central-operator types. These correlation functions are successively
multiplied to the AMD wave function as the basis states. We call this variational framework
the “tensor-optimized antisymmetrized molecular dynamics” (TOAMD). In TOAMD, we
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can successively increase the power series of the multiple products of the correlation functions
to expand the variational space, although it becomes more time-consuming.
The physical concept of the correlation functions in TOAMD is similar to that of the
tensor-optimized shell model (TOSM) [13–17]. In TOSM, the two-particle–two-hole (2p-
2h) excitations are fully included and play an essential role in describing the strong tensor
correlation with large tensor matrix element. This is due to the spatial shrinkage of the
particle states, which brings the high-momentum components in the 2p–2h states [13, 14].
In the analysis of s-shell nuclei with TOAMD [7–9], we obtained results reproducing those
of Green’s function Monte Carlo using the Argonne NN interaction [18]. Within the double
products of the correlation functions, the numerical accuracy of the binding energy is 80
keV for 3H and 1.2 MeV for 4He. This difference can be reduced by increasing the powers of
the correlation functions. In TOAMD, there are two kinds of variational functions; the cor-
relation functions and the AMD wave function. All the correlation functions are determined
independently in the minimization of the total energy, while the AMD wave function is kept
as a single configuration. In the trial of applying TOAMD to p-shell nuclei, we study the
AMD wave function with a desire to find an efficient method to reduce the computational
time. One of the promising extensions of TOAMD is to include the multi-configuration of
the AMD part, which should efficiently describe the nuclear structure.
So far, various attempts have been made to describe the tensor correlation for nuclei in
AMD [19–22]. They tried to extend the AMD wave function to include the contribution of
the tensor force in different ways. However, no results have been obtained to reproduce the
large tensor matrix element in the NN interaction, which reaches around −60 to −70 MeV
for 4He in the ab initio calculations [18]. In AMD, the nucleon wave function has a Gaussian
wave packet with a specific centroid position in phase space. In the description of nuclei,
the centroid positions usually have real values and relatively small imaginary ones. Recently,
some groups have introduced the large imaginary values in the centroid positions [21, 22],
corresponding to the high-momentum components of nucleons. This extension provides an
appreciable amount of tensor correlation, but not as large as the ab initio value.
In this paper, we pursue the idea given by Refs. [21, 22], and further increase the high-
momentum components in the AMD wave function as much as possible with the hope
of getting the strong tensor correlation. To this end, we fully superpose the AMD basis
states, which involve the high-momentum components of two-nucleon pairs with various
spin–isospin configurations by putting the imaginary values in possible directions for their
Gaussian centroids. This treatment of the nucleon pair in AMD is shown to correspond
to the 2p–2h excitations, which are described in the TOSM framework. We examine the
tensor correlations in the present new AMD approach by comparing them with the results
of TOSM. The TOSM fully treats the 2p–2h excitations and can be used as a criterion for
the amount of the tensor correlation. We show the results of 4He in the extended AMD with
high-momentum components and in TOSM using the same Hamiltonian and discuss the
efficiency of the extended AMD approach. This study should provide the foundation of the
extension of the AMD part in TOAMD for a full account of the nuclear structure of finite
nuclei.
2. Effective interaction We focus on the tensor correlation and use the Hamiltonian
with the effective NN interaction V with a tensor force for a mass number A as
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H = T + V =
A∑
i
ti − Tc.m. +
A∑
i<j
vij, (1)
vij = v
C
ij + v
T
ij + v
LS
ij + v
Coulomb
ij . (2)
Here, ti and Tc.m. are the kinetic energy operators of each nucleon and the center-of-mass
(c.m.) of A-nucleons, respectively. The central force vC is Volkov No.2 [23] with a Majorana
parameter of 0.6. The LS force vLS is G3RS [24, 25] with a strength of 900 MeV. These
forces have often been used in many studies with cluster model and AMD. The tensor force
vT is the Furutani–Tamagaki force [25, 26], which is based on the bare G3RS potential. We
have used the same effective interaction in TOSM [13, 14]. This interaction overestimates
the binding energies of nuclei because the Volkov central force includes the effect of tensor
force in the strength. In Ref. [22], the same interaction is used for the LS and tensor terms.
3. Antisymmetrized molecular dynamics (AMD) We explain the framework of AMD.
The AMD wave function ΦAMD is a single Slater determinant of A-nucleons, given as
ΦAMD =
1√
A!
det
{
A∏
i=1
φi
}
, (3)
φ(~r) =
(
2ν
π
)3/4
e−ν(~r−
~Z)2χσχτ . (4)
The nucleon wave function φ(~r) is a Gaussian wave packet with a range parameter ν and
the centroid position ~Z, which can be a complex number. The spin part χσ is the up (↑) or
down (↓) component for the z direction. The isospin part χτ is a proton (p) or neutron (n).
In this study, the range parameter ν is fixed as 0.25 fm−2 and common for all the nucleons.
We perform the projection of the AMD wave function ΦAMD on the eigenstates of the total
angular momentum J with a quantum number of M and the parity (±):
ΨJ
±
MK,AMD = P
J
MKP
±ΦAMD , (5)
where P JMK and P
± are the corresponding projection operators, respectively [12].
The AMD wave function can be extended to the multi-configuration by applying the
generator coordinate method (GCM) using various sets of Gaussian centroids {~Zi} with
i = 1, . . . , A in the Slater determinant in Eq. (3). When we employ the many basis states of
AMD with different sets of ~Z, we superpose these basis states as AMD+GCM. We express
the total wave function ΨGCM as a linear combination of the AMD basis states as
ΨGCM =
∑
α
CαΨα , (6)
where the label α represents the set of quantum numbers of the projected AMD basis state
with a specific set of ~Z. The generalized eigenvalue problem is solved in Eq. (7), and the
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total energy E and the coefficients Cα are determined.:∑
β
(Hαβ − ENαβ)Cβ = 0, (7)
Hαβ = 〈Ψα|H|Ψβ〉, Nαβ = 〈Ψα|Ψβ〉. (8)
In this study, we focus on the discussion of the tensor correlation of 4He in AMD+GCM.
In the usual AMD calculation, 4He is described variationally as the (0s)4 configuration with
~Z = 0 for all nucleons. This state corresponds to the 0p–0h state and provides no tensor
matrix elements. We explain how to make the AMD basis states to include the tensor
correlation. According to the previous works [21, 22], we introduce the imaginary values in
the Gaussian centroid position ~Z of the wave packets in Eq. (4). The imaginary value of ~Z
contributes to the single-nucleon momentum as
〈φ|~p|φ〉
〈φ|φ〉 = 2~ν Im(
~Z), (9)
where ~p = −i~∇. This property is utilized to introduce the high-momentum component of
the tensor correlation in the AMD wave function. From the TOSM analysis of light nuclei, it
has been shown the importance of the 2p–2h excitations with high-momentum components,
coupled strongly with the 0p–0h states by the tensor force [13–15]. We would like to express
this 2p-2h effect in AMD and focus on the momenta of two nucleons in nuclei, whose centroid
positions are ~Z1 and ~Z2 in the wave packets.
In the 0p–0h states, ~Z1 = ~Z2 = 0 for
4He with the (0s)4 configuration. We represent the
2p–2h states by introducing the imaginary values of their positions with opposite signs as
~Z1 = i ~D, ~Z2 = − i ~D, (10)
where the vector ~D is real and represents the momentum vector of nucleon. Equation (10)
corresponds to the 2p–2h state in the AMD wave function where two nucleons are excited
from the ~D = 0 state to the non-zero ~D state. The vector ~D is also regarded as the shift
of the nucleon wave packet from the origin in the momentum space. Equation (10) also
keeps the c.m. momentum zero for two nucleons, but produces a large relative momentum.
Hereafter we call the two nucleons with this relation a “high-momentum pair”. For 4He, we
prepare four kinds of high-momentum pairs for spin and isospin as follows:
1. p↑ and n↑ , 2. p↑ and n↓ , 3. p↑ and p↓ , 4. n↑ and n↓ . (11)
The direction of the high-momentum pair is given by ~D and we choose two directions; the z
direction parallel to that of the intrinsic spins, and also the x direction as the perpendicular
case, which are defined as
z direction : ~D = Dz ~ez, x direction : ~D = Dx ~ex, (12)
where ~ez and ~ex are the unit vectors for the z and x directions, respectively. The lengths Dz
and Dx represent the amount of shifts for the corresponding directions. In Ref. [22], they
consider only one high-momentum proton-neutron pair in the z direction. Similarly, in the
present study, we take one high-momentum pair with all directions among A-nucleons in the
AMD basis states, which is suitable to investigate the 2p–2h effect in AMD+GCM. We take
the length of ~D from 1 fm to 11 fm in steps of 1 fm to include various momenta in addition
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to the ~D = 0 for the 0p–0h state, and superpose these basis states. We call this AMD+GCM
method “high-momentum AMD” (HM-AMD), since the total GCM wave function ΨGCM
with the condition of Eq. (10) contains the large relative momentum of the nucleon pair and
is able to describe the strong tensor correlation.
We shall discuss the tensor correlation coming from the high-momentum pair in the AMD
wave function. For two nucleons with high-momentum components in Eq. (10), their relative
wave function φrel(~r) with the relative coordinate ~r = ~r1 − ~r2 is a Gaussian wave packet with
the range parameter νr =
ν
2
and the centroid position ~Zrel as
φrel(~r) =
(
2νr
π
)3/4
e−νr(~r−
~Zrel)2 , ~Zrel = ~Z1 − ~Z2 = 2i ~D. (13)
Then
φrel(~r) =
(
2νr
π
)3/4
e−νr~r
2+4iνr ~D·~r+4νr ~D2 . (14)
The middle term in the exponent of Eq. (14) produces a plane wave, which can be expanded
using the partial wave ℓ as
e4iνr
~D·~r = 4π
∞∑
ℓ=0
iℓjℓ(4νrDr)
(
Yℓ(Dˆ) · Yℓ(rˆ)
)
. (15)
This expansion involves the Y2(rˆ) term, which is able to produce the D-state for a high-
momentum pair. With the spin wave functions of the high-momentum pair, this component
couples with the S-state in the 0p–0h state by the tensor force. The amount of the Y2(rˆ)
component is adjusted by the shift parameter D. The high-momentum component can also
be included in the wave function with a large value of D and their suitable combination
provides the energetically favored ground state. In the case of 4He (0+), the total orbital
angular momentum and the total intrinsic spin both become two at maximum. In the present
HM-AMD, the remaining pair except for the high-momentum pair, is in the (0s)2 state. This
means that partial waves of ℓ = 0, 2 are available for the high-momentum pair.
4. Tensor-optimized shell model (TOSM) We explain the tensor-optimized shell model
(TOSM) for 4He [13–17], which is compared with HM-AMD. In the concept of TOSM, the
tensor force can excite two nucleons in hole states to particle states with the high-momentum
components. Hence, we include up to the 2p–2h excitations in the configurations of TOSM,
where we do not truncate the particle states in order to get converging results.
We superpose the 0p–0h, 1p–1h, and 2p–2h configurations in TOSM and define the total
wave function ΨTOSM of TOSM as
ΨTOSM =
∑
k0
Ak0 |0p-0h, k0〉+
∑
k1
Ak1 |1p-1h, k1〉+
∑
k2
Ak2 |2p-2h, k2〉. (16)
Here, three kinds of the amplitudes, {Ak0 , Ak1 , Ak2}, are determined by the diagonalization
of the Hamiltonian matrix in the total-energy minimization. The label ki is to distinguish
the shell-model configurations. In the case of 4He, the 0p–0h configuration is the (0s)4 one
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and the 1p–1h and 2p–2h configurations are given as
|1p-1h, k1〉 = |(0s)3(higher), k1〉, (17)
|2p-2h, k2〉 = |(0s)2(higher)2, k2〉, (18)
where “higher” means the particle states in higher shells above the 0s shell.
We explain the single-particle wave functions in TOSM. The hole states are expressed by
using the harmonic oscillator wave functions, the length parameter b of which is related to
the range parameter ν in AMD as ν =
1
2b2
. We set the length b as
√
2 fm, equivalent to the
value of ν = 0.25 fm−2.
We use the Gaussian expansion method for the particle states in the higher shells. This
method has been used in TOSM [13, 14] and various cluster models [27, 28]. We superpose
a number of Gaussian basis functions using various length parameters to include the high-
momentum components for each particle state. In this study, we use nine basis functions at
maximum. The orthonormalized single-particle basis functions are constructed by using a
superposition of the Gaussian bases [14, 16]. The c.m. excitations are eliminated using the
Lawson method [29]. The partial waves of the particle states are taken up to the orbital
angular momentum Lmax. We obtain converging solutions of TOSM with increasing Lmax.
At this level, the wave function ΨTOSM fully includes the 2p–2h excitations and the results
are compared with the present HM-AMD calculation.
5. Results We first explain the TOSM results for 4He, since it is important to understand
the 2p–2h effect of the tensor force, the amount of the tensor correlation, and the total energy.
These results should provide the criteria of the tensor correlation produced in HM-AMD. In
Fig. 1, we show the convergence of the solutions of TOSM for 4He with respect to Lmax. We
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Fig. 1 Energy convergence of 4He in TOSM with respect to the maximum value Lmax
of the partial waves in the configurations. The total energy, the kinetic energy with its half
value, and the central and tensor matrix elements are shown.
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show the total energy and the matrix elements of the Hamiltonian except for the Coulomb
and LS terms, which are small. At around Lmax = 7, we clearly obtain the convergence of
the solutions. It is found that the convergence for the tensor force is slower than that for
the central force. This indicates the necessity of the higher partial waves of the particle
states for the tensor correlation. Hence, we need a large momentum of Lmax/b ∼ 5 fm−1.
For the particle states, the highest-contributing Gaussian basis functions most commonly
have a length parameter of around 0.6× b of the 0s hole state [14]. This indicates the
spatial shrinkage of particle states inducing the high-momentum components of the tensor
correlation in TOSM. The total energy is −65 MeV, which overestimates the experimental
value of −28 MeV due to the effective interaction. We obtain the large tensor matrix element
as about −68 MeV, which represents the 2p–2h effect and is comparable to that of the ab
initio calculation [18].
We are now in a position to show the results of HM-AMD for 4He. First we investigate the
behavior of solutions as a function of the imaginary-shift vector ~D in Eq. (10) in the high-
momentum pair. We discuss the case of a p↑–n↑ pair with a shift Dz to the z direction. In
Fig. 2, we plot the energy surface as a function of Dz with dotted lines. In the calculation, the
(0s)4 configuration and the configuration with a specific single Dz for the high-momentum
pair are superposed as the two basis states. This is useful to understand the dependence of
the solutions on the shift parameter Dz. On the left-hand side of Fig. 2, the energy minimum
is confirmed clearly at Dz = 5 fm, which gives the momentum kz of the single nucleon in
the high-momentum pair as
〈kz〉 = 2ν · Im(Dz) = 2.5 fm−1. (19)
This value is large and 1.8 times the empirical Fermi momentum kF = 1.4 fm
−1, indicating
that the high-momentum component is variationally favored in the high-momentum pair
of AMD. In Fig. 2, the solid lines show the GCM calculations by successively adding the
various Dz components in the AMD basis states as increasing Dz from Dz = 0 fm. The
energy convergence is obtained at around Dz = 10 fm, corresponding to the momentum of
5 fm−1, which agrees with the result of TOSM.
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Fig. 2 Energy (left) and tensor matrix element (right) of 4He in AMD+GCM with respect
to the imaginary shift parameter Dz for the p↑–n↑ pair. Dotted lines are the results using
the two basis states with a single Dz and the (0s)
4 configuration. Solid lines are the results
of the GCM calculations by successively adding the basis states with increasing Dz.
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Table 1 Energies of 4He (0+) in AMD+GCM for four kinds of proton–neutron pairs in
units of MeV. The tensor matrix elements and kinetic energies are also shown.
(0s)4
z x
p↑-n↑ p↑-n↓ p↑-n↑ p↑-n↓
Total energy −27.87 −37.95 −38.86 −31.91 −32.02
Tensor 0 −17.59 −21.23 −7.71 −6.74
Kinetic 46.65 57.30 61.14 53.68 51.27
On the right-hand side of Fig. 2, we show the results of the tensor matrix elements under the
same calculation conditions as the total energy. The overall behavior of the tensor matrix ele-
ments is similar to that of the total energy. This indicates that the present AMD basis states
with high-momentum pairs certainly contribute to a description of the tensor correlation.
In Table 1, we show the converged values of four kinds of configurations of high-momentum
proton–neutron pairs with for the z and x directions. It is found that the p↑–n↑ and p↑–
n↓ pairs give similar results, providing the large tensor matrix elements for each direction,
which is reported for the z-direction case in Ref. [22]. For the momentum direction, the z
direction is favored over the x one. This can be understood from the property of the tensor
force; the tensor force gives the attraction when the relative coordinate of two nucleons is
parallel to the intrinsic-spin direction due to the tensor operator S12 [30]. We also show the
kinetic energies, which increase with the inclusion of the high-momentum pair.
In Fig. 3, we finally superpose all the available configurations for high-momentum pairs in
AMD+GCM, which is the case of HM-AMD. It is noted that each AMD basis state involves
one high-momentum pair. We successively add the basis states starting from AMD with the
(0s)4 configuration. In the last term of AMD+GCM as HM-AMD, we add all the basis states
of the proton–proton (pp) and neutron–neutron (nn) pairs with the z and x directions, both
of which give only the isospin T = 1 channel. The final value of the tensor matrix element is
−66 MeV in HM-AMD, comparable to the ab initio value [7, 18]. It is found that two kinds
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Fig. 3 Convergence of total energy and the tensor matrix element of 4He in HM-AMD by
successively adding the high-momentum pairs. The short horizontal lines on the right-hand
side are the results of TOSM.
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Table 2 Energies of 4He (0+) in HM-AMD and TOSM in units of MeV. The radius is in
units of fm.
HM-AMD TOSM
Total energy −64.66 −65.23
Kinetic 83.58 84.78
Central −83.63 −84.13
Tensor −66.28 −67.66
LS 0.79 0.89
Coulomb 0.88 0.89
Radius 1.329 1.320
of pn pairs in the z direction are necessary to gain the total energy, and one kind of pn pair
in the x direction contributes to the solutions. For the latter part, the result is almost the
same when we first include the p↑-n↓ pair in the x direction. The contributions of the pp
and nn pairs are negligible because of the weaker tensor force in the T = 1 channel. For the
tensor matrix elements, the value of −66 MeV is deeper than the summation of the values
of each high-momentum pair shown in Table 1 as −53 MeV. This represents the coupling
effect by the tensor force among the different configurations of the high-momentum pairs.
We compare the results of HM-AMD with those of TOSM, which are shown on the right-
hand side of Fig. 3. In Table 2, we list the results of the two methods for each Hamiltonian
component. We can confirm a very nice agreement between them. This fact indicates that
HM-AMD with one high-momentum pair provides the high-momentum components and
certainly represents the fully 2p–2h excitations induced by the tensor force. There exist
small differences in each Hamiltonian component between the two methods. One possibility
to explain the difference is the 1p–1h excitations that are fully optimized in TOSM, while
HM-AMD does not include this component in the present AMD basis states. Another is that
the AMD basis states are not the eigenstates of the total isospin T . The projection to the
total T = 0 state of 4He(0+) is expected to increase the energy slightly.
It is interesting to discuss the spatial structure and the momentum distributions of the
tensor correlation [2, 4]. In TOAMD, the spatial distributions of the correlation functions
are shown in Ref. [9]; these are important for understanding the effect of the correlation
functions. In HM-AMD, we will consider a similar analysis to that done in TOAMD including
the momentum distributions, which should be shown using a bare NN interaction such as
AV8′.
6. Summary We have developed a new method of “high-momentum AMD” (HM-AMD)
for the treatment of the tensor correlation in antisymmetrized molecular dynamics (AMD).
We introduce one nucleon pair in the AMD basis state, which has imaginary values for the
Gaussian centroid positions in opposite directions and is called a “high-momentum pair”.
The high-momentum pair in the AMD wave function can bring the high-momentum com-
ponents of nucleons in nuclei. This is the extension of Ref. [22], in which they limit the
momentum direction parallel to the intrinsic spin. We additionally include the momentum
in the perpendicular direction to the intrinsic spin. We superpose the AMD basis states with
9/11
various momentum components for all directions in the GCM calculation as HM-AMD, until
we get converging results.
In the results, we obtained a large tensor matrix element, comparable to that of the ab
initio calculation. We compare the results of HM-AMD with those of the tensor-optimized
shell model (TOSM) using the same Hamiltonian. In TOSM, the 2p–2h excitations are
fully treated in nuclei and the strong tensor correlation is described with high-momentum
components. This method is suitable for investigating the 2p–2h effect of the tensor force.
The solution of HM-AMD agrees well with that of TOSM for each Hamiltonian component.
This fact indicates that the AMD basis states with one high-momentum pair can be regarded
as 2p–2h excitations involving high-momentum components.
The present analysis focuses on the tensor correlation using the effective central interaction.
It is interesting to apply HM-AMD to nuclei with a bare NN interaction with short-range
repulsion as well as the tensor force, in which the short-range and tensor correlations should
be taken into account simultaneously. Currently we are investigating the short-range corre-
lation in HM-AMD and we find that the results with one high-momentum pair reproduce
those of the tensor-optimized AMD (TOAMD) with a single correlation function, which will
be shown in a forthcoming paper.
In TOAMD, we introduce the correlation functions of tensor-operator and central-operator
types, which describe two correlations induced by the NN interaction as mentioned above.
In TOAMD, we found that the multi-body terms, which are induced by the intermediate-
and long-range tensor force, are extremely important. TOAMD is considered to be a pow-
erful method to treat the three-body interaction. The combination of TOAMD and the
present high-momentum pairs in HM-AMD is a promising method to describe the multiple
correlations in many-body nuclear systems effectively.
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